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Abstract: - Caputo definition of fractional derivative comes in two different kernels. The 
singular kernel and other is non-singular kernel for fractional derivative and fractional 
integration. Numerical approximation of these definitions are proposed and comparing the 
results with the exact solution. Semi-group property has been proved using the MATLAB 
simulation. A new approach of finding fractional derivative using the initial values proposed 
in terms of power series. Behavior and properties of the singular type kernel at non-singular 
points is investigated for the handling of singular points. General solution of fractional 
differential equation is discussed to illustrate the exact solution for the application of control 
system.  
Keywords: - Singular and non-singular kernel, fractional derivative, singularity points, 
fractional control system, Fractional Numerical Method.  
 
Introduction 
Global approach of solving the system problem is motivated to use the fractional order 
methods. This method attracted the researchers to solve the open research problem in system 
modeling, simulation and control. Most real time data and initial values of systems satisfy and 
match with the solution of singular Caputo [1]. The Caputo Definition given as, 

𝐷௧
ఈ𝑓(𝑡) =  

ଵ

୻(ଵିఈ)
∫

௙ᇲ(ఛ) ௗఛ

(௧ିఛ)ഀ

௧

௖
                                                                                                    (1) 

Dynamical systems provide unique solution with bounded parameters and non-zero initial 
conditions. Non-zero condition is uncommon and method has to be developed to match the 
physical initial conditions with the fractional definition. Non-singular Caputo fractional 
derivative equation is as given [2], 

𝐷௧
ఈ𝑓(𝑡) =  

ெ(ఈ)

(ଵିఈ)
∫ 𝑒ቂି

ഀ(೟షഓ)

భషഀ
ቃ𝑓ᇱ(𝜏) 𝑑𝜏

௧

௔
                                                                                     (2) 

Replacing with exponential kernel at singular point the exponential component become unity 
(at t=τ). Non-singular kernel does not satisfy initial value conditions except α=1 and singular 
kernel is must to satisfy initial value conditions [3]. Some important remarks are, 
 Fractional derivative and integration at singular point does not exists.  
 If singular kernel replaced with non-singular kernel, then the initial value condition 
does not match as per the real physical initial values [4]. 
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 To meet real physical initial values, the kernel should be singular Non-singular 
fractional derivative (equation-5) is a weighted similarity with other definition given in 
equation (1).  
  Laplace domain transform is the Laplace transform of J_t^α f(t) (equation-6) which is 
convolution in Laplace domain (equation-7). Solving the convolution in Laplace domain is not 
desirable for control system due to the little influence on the performance of real time control 
loop. Complex area selection become too much complicated for control loop instead of 
avoiding the singular point which is more practicable then to increase real time computation 
burden.  

𝐽௧
ఈ𝑓(𝑡) =  

ெ(ఈ)௘
൤ష

ഀ(೟)
భషഀ൨

(ଵିఈ)
∫ 𝑒[ି௦(ఛ)]𝑓(𝜏) 𝑑𝜏

௧

௔
                                                                           (3) 

𝐿[   𝐽௧
ఈ𝑓(𝑡)] =  ∫ 𝑄(𝑠 − 𝑢)

௦

଴
𝑃(𝑢)𝑑𝑢                                                                                (4) 

Where, 𝐿[𝑄(𝛼, 𝑡)] = 𝑄(𝑠)  ;  𝐿 ቂ∫ 𝑒[ି௦(ఛ)]𝑓(𝜏) 𝑑𝜏
௧

௔
ቃ = 𝑃(𝑠)  

𝑄(𝛼, 𝑡) =
ெ(ఈ)௘

൤ష
ഀ(೟)
భషഀ൨

(ଵିఈ)
  ; −𝑠 =

ఈ

ଵିఈ
  

Preliminaries 
Singular kernel is must and essential to meet the initial values condition and singular points 
should avoid in the computation of control loop problems. The singular point arises at t=τ in 
continuous form. Fractional numerical approximation of Caputo definition proposed in [3] 
given in equation (5). The singular point arises at each of n=k which avoided using 
mathematical technique during approximation of Caputo derivative.  

𝑦∝(𝑓(𝑥)) ≈  ∑ ቄ ቂ
ଵ

௛∝୻(ଶି஑)
ቃ ൣ ൫𝑦(𝑥௡) 𝐺௡,௡

ఈ −  𝑦(𝑥଴) 𝐺௡,ଵ
ఈ   ൯  + ൫∑ 𝑦(𝑥௞) 𝑀௡,௞

ఈ௡ିଵ
௞ୀଵ ൯൧ ቅே

௡ୀ଴       

(5) 
Where, 𝑀௡,௞

ఈ = 𝐺௡,௞
ఈ − 𝐺௡,௞ାଵ

ఈ   ;    𝐺௡,௞
ఈ = (𝑛 − 𝑘 + 1)ଵିఈ − (𝑛 − 𝑘)ଵିఈ 

 
Theorem 1: - The generalize fractional derivative can be defined in-terms of power series as,  

𝐷∝𝑓(𝑡) =
௧೘షഀషభ

୻(୫ି஑)
  ቂ∑

(ିଵ)೙

௧೙  ୻(௡ାଵ)
  ∑ (−1)௞ ൛ൣ𝑡௡ି௞ 𝑓௠ି(ଵା௞)(𝑡)൧ −௡

௞ୀ଴
ே
௡ୀ଴

ൣ𝑐௡ି௞ 𝑓௠ି(ଵା௞)(𝑐)൧ൟ   ∏ [(𝑚 − 𝛼 − 1) − (𝑖 − 1)]௡
௜ୀଵ  ቃ                                                         (6) 

Where, ‘c’ is initial value and f(c) is the initial function value. 𝑚 − 1 < 𝛼 < 𝑚 , m is 

positive integer. Γ(. ) = Euler’s Gamma Function.    Γ(n) =  ∫ eି୲t୬ିଵ  dt
ஶ

଴
 

 
Proof: - Consider, Fractional Caputo definition in generalized form as, 

𝐷∝𝑓(𝑡) =
ଵ

୻(୫ି஑)
∫ (𝑡 − 𝜏)௠ିఈିଵ௧

௖
𝑓௠(𝜏) 𝑑𝜏                                                                        (7) 

Let, 𝑔(𝑥) = (𝑡 − 𝑥)௠ିఈିଵ = 𝑡௠ିఈିଵ  ቀ1 −
௫

௧
ቁ

௠ିఈିଵ

  ; using binomial expansion theorem. 

𝑔(𝑥) = 𝑡௠ିఈିଵ  ቈ∑ (−1)௡  
ቀ

ೣ

೟
ቁ

೙

௡!
  ∏ [(𝑚 − 𝛼 − 1) − (𝑖 − 1)]௡

௜ୀଵ
ே
௡ୀ଴  ቉                                  (8) 

Using value of (8) putting in (7), 

𝐷∝𝑓(𝑡) =
ଵ

୻(୫ି஑)
∫ ቊ𝑡௠ିఈିଵ  ቈ∑ (−1)௡  

ቀ
ഓ

೟
ቁ

೙

௡!
  ∏ [(𝑚 − 𝛼 − 1) − (𝑖 −௡

௜ୀଵ
ே
௡ୀ଴

௧

௖

1)] ቉ቋ 𝑓௠(𝜏) 𝑑𝜏         
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𝐷∝𝑓(𝑡) =
௧೘షഀషభ

୻(୫ି஑)
  ቂ∑

(ିଵ)೙

௧೙  ୻(௡ାଵ)
  ∫ 𝜏௡ 𝑓௠(𝜏) 𝑑𝜏

௧

௖
  ∏ [(𝑚 − 𝛼 − 1) − (𝑖 − 1)]௡

௜ୀଵ
ே
௡ୀ଴  ቃ       

(9) 

Let, 𝐹(𝑡) =  ∫ 𝜏௡ 𝑓௠(𝜏) 𝑑𝜏
௧

௖
 and finding the general solution, 

𝐼௡ =  ∫ 𝜏௡ 𝑓௠(𝜏) 𝑑𝜏
௧

௖
= ∑ (−1)௞ ൛ൣ𝑡௡ି௞ 𝑓௠ି(ଵା௞)(𝑡)൧ − ൣ𝑐௡ି௞ 𝑓௠ି(ଵା௞)(𝑐)൧ൟ ௡

௞ୀ଴            
(10) 
If 𝑚 = 0 and 𝑛 = 𝑠 − 1 ,which convert (10) into Mellin transform with limit 0 to ∞ 
Using value of (10) putting in (9), 

𝐷∝𝑓(𝑡) =
௧೘షഀషభ

୻(୫ି஑)
  ቂ∑

(ିଵ)೙

௧೙  ୻(௡ାଵ)
  ∑ (−1)௞ ൛ൣ𝑡௡ି௞ 𝑓௠ି(ଵା௞)(𝑡)൧  −௡

௞ୀ଴
ே
௡ୀ଴

ൣ𝑐௡ି௞ 𝑓௠ି(ଵା௞)(𝑐)൧ൟ   ∏ [(𝑚 − 𝛼 − 1) − (𝑖 − 1)]௡
௜ୀଵ  ቃ      

Hence, Proved. 
 
Theorem 2: - At singular point (𝑡 = 𝜏), the first order (m=1) fractional derivative is given 
as, 
𝐷∝𝑓(𝑡) =

௚

୻(ଵି஑)
 [𝑓(𝑡) − 𝑓(𝑐)] ; ‘c’ is initial value and f(c) is the initial function value; 

𝑔 = 𝑓(𝑝, 𝛼)  such that 
ଵ

௘
 ≤  𝑔 ≤ 𝑒 ;  

 

Proof:-Put m=1 in equation (10), 𝐷∝𝑓(𝑡) =
ଵ

୻(ଵି஑)
∫ (𝑡 − 𝜏)ିఈ௧

௖
𝑓ଵ(𝜏) 𝑑𝜏                          

(11) 
At singularity −𝜏 = 0 ; Convolution is independent of first or second function time-folding.  
Let us replace the singular kernel with non-singular kernel as 𝑡ఈ =  𝑒௫and solving 
approximate upto 3 terms,  

𝑡ఈ =  𝑒ൣିଵା√ଶ௧ഀିଵ  ൧                                                                                                               (12) 
For 0 < 𝛼 < 1      at  𝑡 = 0 (at singular point only)    

𝑔 =  
ଵ

௧ഀ =
ଵ

௘
ቂషభశඥమ೟ഀషభ  ቃ

=
ଵ

௘ൣషభశ√షభ  ൧
=

ଵ

௘[షభశ౟] =
ଵ

ଵ/௘
= 𝑒  

For −1 < 𝛼 < 0     at  𝑡 = 0 (at singular point only)       

𝑔 =  𝑡ఈ = 𝑒ൣିଵା√ଶ௧ഀିଵ  ൧ = 𝑒ൣିଵା√ିଵ  ൧ = 𝑒[ିଵା୧] = 1/𝑒   

𝑔 = [𝑒ିଵ, 𝑒ଵ]  hence 
ଵ

௘
 ≤  𝑔 ≤ 𝑒  and g= 𝑒ఈ 

Rewriting equation (11) by using the identity derived for singular point, 

𝐷∝𝑓(𝑡) =
ଵ

୻(ଵି஑)
∫ 𝑔

௧

௖
𝑓ଵ(𝜏) 𝑑𝜏                                                                                             

(13) 
After integrating equation (13), 𝐷∝𝑓(𝑡) =

௚

୻(ଵି஑)
 [𝑓(𝑡) − 𝑓(𝑐)] ; and hence proved.                          

Theorem 3: - if  𝑓 = 𝑒௣ then the value of ‘p’ is 𝑝௞ାଵ = 𝑙𝑜𝑔௘ ቂ
௘೛ೖ  

୻(ଵି஑)
 ቃ which is recursive 

function. And p is bounded such as −1 ≤ 𝑝 ≤ 1 and α ≠ 𝑝  
Proof: - Consider Three cases at = 0 , 𝛼 = 1 and 𝛼 = −1    
At 𝛼 = 0 ; 𝐷଴𝑓(𝑡) = 𝑓(𝑡) ; Γ(1) = 1    
At 𝛼 = 1 ; 𝐷ଵ𝑓(𝑡) = 𝑓ଵ(𝑡) ; Γ(0) = ∞ 
At 𝛼 = −1 ; 𝐷ିଵ𝑓(𝑡) = ∫ 𝑓(𝑡)𝑑𝑡 ; Γ(2) = 1 
Substituting the identity in equation (13), 

At 𝛼 = 0 ;  𝑝 = 𝑙𝑜𝑔௘ ቂ
௙(௧)

[௙(௧)ି௙(௖)]
ቃ                                                                                          

(14) 
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At 𝛼 = 1 ;  𝑝 = 𝑙𝑜𝑔௘ ቂ
௙భ(௧) 

[௙(௧)ି௙(௖)]
ቃ                                                                                          

(15)                                                       

At 𝛼 = −1 ; 𝑝 = 𝑙𝑜𝑔௘ ቂ
∫ ௙(௧)ௗ௧

[௙(௧)ି௙(௖)]
ቃ                                                                                        

(16)   
Using the general fractional operator, 

𝑝 = 𝑙𝑜𝑔௘ ቂ
஽∝௙(௧)

[௙(௧)ି௙(௖)]
ቃ                                                                                                             

(17) 
Using Theorem 2 substituting value of 𝐷∝𝑓(𝑡) for singular point,  

𝑝 = 𝑙𝑜𝑔௘ ቂ
௘೛ 

୻(ଵି஑)
 ቃ                                                                                                                  

(18) 

Value of p obtained as, 𝑝௞ାଵ = 𝑙𝑜𝑔௘ ቂ
௘೛ೖ  

୻(ଵି஑)
 ቃ ; hence proved. 

Corollary 1: - A normalized function 𝑁(𝛼) = 1 −
ଵ

୻(ଵି஑)
 is exist for singular points. 

Such that (𝑐) = 𝑓(𝑡) ; From equation (17), Figure 1 shows the normalized function 𝑁(𝛼) 

𝑓(𝑐) =
௘೛௙(௧)ି஽∝௙(௧)

௘೛   

𝑓(𝑐) =
௘೛௙(௧)ି൬

೐೛

౳(భషಉ)
 [௙(௧)ି௙(௖)] ൰

௘೛
  

𝑓(𝑐) −  
௙(௖)

୻(ଵି஑)
= 𝑓(𝑡) −

௙(௧)

୻(ଵି஑)
  

𝑓(𝑐) ቂ1 −
ଵ

୻(ଵି஑)
ቃ = 𝑓(𝑡) ቂ1 −

ଵ

୻(ଵି஑)
ቃ  

𝑁(𝛼) = 1 −
ଵ

୻(ଵି஑)
         and   𝑓(𝑐) = 𝑓(𝑡) 

Corollary 2: - At singular point the fractional derivative is 𝐷∝𝑓(𝑡) = 𝑀′(𝛼) [𝑓(𝑡) −

𝑓(𝑐)]. Where, 𝑀′(𝛼) =
௘ഀ

୻(ଵି஑)
  ;  Figure 2 shows plot of 𝑀′(𝛼) function. 

Theorem 4: - Non-Singular kernel Caputo-Fabrizio definition. 

D஑f(x) ≈ ቂ
୑(஑)

஑୦
ቃ ∑ ൛ൣy(x୬)MG୬,୬

஑,୦ − y(x଴)MG୬,ଵ
஑,୦൧ + ൣ∑ y(x୩) MGG୬,୩

஑,୦ ୬ିଵ
୩ୀଵ ൧ൟ୒

୬ୀ଴                                

(19) 

MGG୬,୩
஑,୦ = MG୬,୩

஑,୦ − MG୬,୩ାଵ
஑,୦   and  MG୬,୩

஑,୦ =  e
ቂ

ಉ౞

(భషಉ)
   (୩ି୬) ቃ

 −  e
ቂ

ಉ౞

(భషಉ)
  (୩ିଵି୬)ቃ

   

Proof :- From equation (2) and  x୬ = nh ; y୬ =  y୬(x୬) = y୬(nh) ; x୩ = kh ; y୩
ᇱ =  y୩

ᇱ  (x୩) =

y୩
ᇱ  (kh) ; a=0  

(ଵି஑)

୑(஑)
 D஑f(x୬) ≈  ∫ e

ቂ
షಉ(౮౤ష౮)

(భషಉ)
ቃ୲

଴
  f ᇱ(x) dx  

(ଵି஑)

୑(஑)
 D஑f(x୬) ≈ ∑ ∫ e

ቂ
షಉ(౤౞ష౮)

(భషಉ)
ቃ୶ౡ

୶ౡషభ
  f ᇱ(x୩) dx୬

୩ୀଵ   

Expansion of function f ᇱ(x୩) approximated using Taylors method as, 

f ᇱ(x୩) ≅  
୷(୶ౡ)ି୷(୶ౡషభ)

୦
  

(ଵି஑)

୑(஑)
 D஑f(x୬) ≈ ∑ ቂ

୷(୶ౡ)ି୷(୶ౡషభ)

୦
ቃ ∫ e

ቂ
షಉ(౤౞ష౮)

(భషಉ)
ቃ୶ౡ

୶ౡషభ
  dx୬

୩ୀଵ    ; after evaluation  

D஑f(x୬) ≈ ቂ
୑(஑)

஑୦
ቃ     ∑ [y(x୩) − y(x୩ିଵ)] ൤e

ቂ
ಉ౞

(భషಉ)
   (୩ି୬) ቃ

 −   e
ቂ

ಉ౞

(భషಉ)
  (୩ିଵି୬)ቃ

൨୬
୩ୀଵ   

Let, MG୬,୩
஑,୦ =  e

ቂ
ಉ౞

(భషಉ)
   (୩ି୬) ቃ

 −  e
ቂ

ಉ౞

(భషಉ)
  (୩ିଵି୬)ቃ

   and after simplification,                               
(20) 

D஑f(x୬) ≈ ቂ
୑(஑)

஑୦
ቃ ൛ൣy(x୬)MG୬,୬

஑,୦ − y(x଴)MG୬,ଵ
஑,୦൧ + ൣ∑ y(x୩) ൫MG୬,୩

஑,୦ − MG୬,୩ାଵ
஑,୦ ൯ ୬ିଵ

୩ୀଵ ൧ൟ  

Let, MGG୬,୩
஑,୦ = MG୬,୩

஑,୦ − MG୬,୩ାଵ
஑,୦                                                                                              
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(21) 

D஑f(x) ≈ ቂ
୑(஑)

஑୦
ቃ ∑ ൛ൣy(x୬)MG୬,୬

஑,୦ − y(x଴)MG୬,ଵ
஑,୦൧ + ൣ∑ y(x୩) MGG୬,୩

஑,୦ ୬ିଵ
୩ୀଵ ൧ൟ୒

୬ୀ଴         

Corollary 3:- MG୬,୩
଴,୦ = MG୬,୩

஑,଴ = 0 ; MG୬,୬
஑,୦ = MG୩,୩

஑,୦ = 1 −  e
ቂି

ಉ౞

(భషಉ)
)ቃ

 ; MG୬,୬
ଵ,୦ = MG୩,୩

ଵ,୦ = 1 

MG୬,୩
஑,ଵ =  e

ቂ
ಉ

(భషಉ)
 ቃ

 −   1  at k − n = 1 ; Series is convergent when,  

∫หy(x) MGGn,k
α,hห 𝑑𝑥 <  ∞  and  ∫หy(x)MGn,n

α,h − y(x0)MGn,1
α,hห <  ∞  

The small perturbation ε is the relative error between two type of Caputo kernel given as, 

ε =

y(xn)  ൝൤
1

h∝Γ(2−α)
൨− ൥

౉(ಉ)

ಉ౞
 ൭ଵ ି  ୣ

൤
షಉ౞

(భషಉ)
  ൨

൱൩ൡ+ ୷(୶బ) ൜୑ୋ౤,భ
ಉ,౞ ቂ

౉(ಉ)

ಉ౞
ቃିGn,1

α
൤

h
∝

Γ(2−α)
൨ൠ

൤
1

h∝Γ(2−α)
൨ൣ ൫y(xn) − y(x0) Gn,1

α   ൯ ൧
                                            

(22) 

Where, MG୬,୬
஑,୦ =  1 −  e

ቂ
షಉ౞

(భషಉ)
  ቃ

                                                                                                        
(23) 
Definition 1: - [5] Jorge and Juan corrected the fractional definition for the 0 < 𝛼 < 1 as, 

𝐷௧
ఈ𝑓(𝑡) =  

ଵ

(ଵିఈ)
∫ 𝑒ቂି

ഀ(೟షೣ)

భషഀ
ቃ𝑓ᇱ(𝑥) 𝑑𝑥

௧

௔
                                                                                  

(24) 

 
                                  Figure 1 N-function                                             Figure 2 M’-Function 

1. Proposed Non-Singular Kernel  
Non-Singular kernel fractional order derivative is proposed using the convolution integral 
transform [1].  
Definition 2: - The Non-Singular Type kernel fractional derivative is given as, 
D∝f(t) =

ଵ

୻(୮ି஑)
∫ (x)୮ି஑ିଵ୲

ୡ
f ୮(t − x) dx                                                                                        (25) 

p − 1 < 𝛼 < p ; p is positive integer;  f ௣ = pth order derivative of f; f ୮(0) ≠  ∞ 
Preposition: - At singular point t = x and p=1 

D∝f(t) =
ଵ

୻(ଵି஑)
∫ xି஑୲

ୡ
f ଵ(0) dx  ; and according to definition 2, f ଵ(0) ≠  ∞ , Thus the singularity 

avoided. 
Property 1: - Using the convolution property the definition 2 holds the following identity, 

𝐷௧
ఈ𝑓(𝑡) =  

ଵ

୻(ଵିఈ)
∫

௙ᇲ(ఛ) ௗఛ

(௧ିఛ)ഀ

௧

௖
=

1

Γ(1−α)
∫

௙ᇲ(௧ିఛ) ௗఛ

(ఛ)ഀ

t

c
                                                                  (26) 

Property 2: - Let, f ଵ(0) = 1 at singular point using preposition. Then the fractional derivative at 
singular point is, 

D∝f(t) =
ଵ

୻(ଵି஑)
∫ (x)ି஑୲

଴
 dx  ; D∝f(t) =

(୲)భషಉ

୻(ଶି஑)
   

But, D∝(t) =
(୲)భషಉ

୻(ଶି஑)
  ; Hence the fractional derivative can be defined in terms of initial values. 

Property 3: - Proposed Non-Singular kernel is 
(୶)షಉ

୻(ଵି஑)
 ;  

lim
஑→଴

(୶)షಉ

୻(ଵି஑)
= u(x) ; lim

஑→ଵ

(୶)షಉ

୻(ଵି஑)
=

ଵ

୶
 ; lim

஑→ିଵ

(୶)షಉ

୻(ଵି஑)
= x ; lim

஑→଴.ହ

(୶)షಉ

୻(ଵି஑)
= 

ଵ

√஠୶
 ; lim

஑→ି଴.ହ

(௫)షಉ

୻(ଵି஑)
= 

√஠ ୶

ଶ
 

𝑥 is linear operator defined as, 
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α → 0 , x = 1   ;    α → 1 , 
ଵ

୶
=  ∆t   ;  α → −1 , x =  ∫ dt

୶

଴
   

Thus, hold the following identity, 

lim
஑→଴.ହ

(୶)షಉ

୻(ଵି஑)
 lim
ஒ→ି଴.ହ

(୶)షಊ

୻(ଵିஒ)
=  

ଵ

ଶ
=  

ଵ

√஠ 
∫ e୶ xହ/ଶ dx 

ஶ

଴
  

The probability density function is proposed as, 
 

p(x) =  
ଶ

√஠ 
∫ e୲ tହ/ଶ dt 

୶

଴
                                                                                                                     (27) 

 
Property 4: - Laplace Transform of proposed Non-singular kernel fractional definition. 

L[D∝f(t)} =
ୱ୊(ୱ)ି୤(଴)

(ୱ)భషಉ  ; ∅(s) =
ଵ

(ୱ)భషಉ ; ∅(t) =
(୲)షಉ

୻(ଵି஑)
 ; g(s) =

ୱ୊(ୱ)ି୤(଴)

(ୱ)భషಉ  ; ∅(s) =
ଵ

(ୱ)భషಊ                 (28) 

L[Dஒ[D∝f(t)] =
ୱమ୊(ୱ)ିୱ୤(଴)ି୥(଴)

(ୱ)మష(ಊశಉ)  ; L[D∝ାஒf(t)] =
ୱమ୊(ୱ)ିୱ୤(଴)ି୥(଴)

(ୱ)మష(ಊశಉ)                                                     (29) 

D∝భା∝మା⋯ା∝౉f(t) =
ଵ

୻((୑ିଵ)ି(∝భା∝మା⋯ା∝౉))
∫ (τ)(୑ିଵ)ି(∝భା∝మା⋯ା∝౉)୲

଴
f (୑ିଵ)(t − τ) dτ             

(30)  
D∝భା∝మା⋯ା∝౉f(t) = D∝భD∝మ … D∝౉  f(t)  
0 <∝ଵ, ∝ଶ, … , ∝୑< 1  
Figure 3 shows the plot of semigroup property calculated using equation (5). The Mean 
Square Error (MSE) is 5.9548e-06. 
 
Property 5: - Laplace Transform of Caputo-Fabrizio Non-Singular kernel fractional definition 
(Equation - 5),  

𝐿 [𝐷௧
ఈ𝑓(𝑡)]  =  

ெ(ఈ)

௦(ଵିఈ)ାఈ
   (𝑠 𝐹(𝑠) − 𝑓(0))                                                                          (31) 

Fractional Order Integration of non-singular kernel is, 

𝐽௧
ఈ𝑓(𝑡) =  

ெ(ఈ)

ఈ
∫ 𝑒ቂି

(భషഀ)(೟షೕ)

ഀ
ቃ𝑓(𝑗) 𝑑𝑗

௧

଴
                                                                                  (32) 

Laplace Transform of Fractional Order Integration of non-singular kernel is, 

𝐿 [𝐽௧
ఈ𝑓(𝑡)] =   ቀ

ெ(ఈ) ி(௦)

௦ ఈା(ଵିఈ)
ቁ                                                                                                     (33) 

Let, 𝑀(𝛼) = 1 then, 

𝐿 [𝐷௧
ఈ𝑓(𝑡)]  =  

ଵ

௦(ଵିఈ)ାఈ
   (𝑠 𝐹(𝑠) − 𝑓(0))                                                                          (34) 

𝐿 [𝐽௧
ఈ𝑓(𝑡)] =   

 ி(௦)

௦ ఈା(ଵିఈ)
                                                                                                         (35) 

 
Figure 3:- Plot for showing semigroup property 

Theorem 4: - The Fractional Derivative using initial values given as, 

D∝f(t) =
ଵ

୻(ଵି஑)
∑

୤౤(଴) ୬ ୲౤షಉ  

୻(୬ାଵ)
ஶ
୬ୀ଴    ቂ∑

(ିଵ)ౡ     

 ୻(୩ାଵ) (୩ା୬)
ஶ
୩ୀ଴  ∏ (−α − (i − 1))୩

୧ୀଵ   ቃ                             

(36) 
α ≠ R ; Where R is real positive integer number. ;  f ୬ = nth order derivative of f; f ୬(0) ≠  ∞ 

Proof: - D∝f(t) =
ଵ

୻(ଵି஑)
∫ (t − τ)ି஑୲

଴
f ଵ(τ) dτ  

Using Taylor series expansion, 
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f(x) =  ∑
୤౤(଴)୶౤

୻(୬ାଵ)
ஶ
୬ୀ଴   

f ଵ(x) = ∑
୤౤(଴) ୬ ୶౤షభ

୻(୬ାଵ)
ஶ
୬ୀ଴   

D∝f(t) =
ଵ

୻(ଵି஑)
∑

୤౤(଴) ୬  

୻(୬ାଵ)
ஶ
୬ୀ଴ ∫ (t − τ)ି஑ τ୬ିଵ୲

଴
 dτ  

D∝f(t) =
୲షಉ

୻(ଵି஑)
∑

୤౤(଴) ୬  

୻(୬ାଵ)
ஶ
୬ୀ଴ ∫ ቀ1 −

த

୲
ቁ

ି஑
 τ୬ିଵ୲

଴ 
 dτ  

D∝f(t) =
୲షಉ

୻(ଵି஑)
∑

୤౤(଴) ୬  

୻(୬ାଵ)
ஶ
୬ୀ଴    ቂ∑

(ିଵ)ౡ  ୲ౡశ౤   

୲ౡ ୻(୩ାଵ) (୩ା୬)
ஶ
୩ୀ଴  ∏ (−α − (i − 1))୩

୧ୀଵ   ቃ  

D∝f(t) =
ଵ

୻(ଵି஑)
∑

୤౤(଴) ୬ ୲౤షಉ  

୻(୬ାଵ)
ஶ
୬ୀ଴    ቂ∑

(ିଵ)ౡ     

 ୻(୩ାଵ) (୩ା୬)
ஶ
୩ୀ଴  ∏ (−α − (i − 1))୩

୧ୀଵ   ቃ ; 

2. Comparison with exact Solution 
Let, f(t) = tଵ ; f ᇱ(t) = 1  and all other higher derivatives are equal to zero. 
Solution of f(t) using the present non-singular kernel (definition 2) is given as, 

 D଴,୲
஑  (tଵ) =

 ୲భషಉ

୻(ଶି஑)
                                                                                                                               (37) 

The Caputo-Fabrizio Non-Singular kernel gives the following exact solution, 

D଴,୲
஑  (tଵ) =  

୑(஑)

஑
 (1 − e

ቂି
ಉ౪

 (భషಉ)
ቃ
  )                                                                                             (38) 

Proposed non-singular kernel provides the useful solution exact matches with the classical 
definition of derivative and integration for α = 1 and α = −1 respectively. However, the 
Caputo-Fabrizio Non-singular kernel shows the mean square error (MSE) of 141.3798 and Jorge 
and Juan suggestion shows MSE of 702.5589 for classical type of integration (see table 1).  

Table 1:- Numerical comparison with exact solution 
MSE calculated using exact solution 

∝ f(t) = t Non-Singular Kernel 
(Proposed Method) 

Caputo-Fabrizio Non-
Singular Kernel 

Jorge and Juan 
Suggestion 

-1 tଶ

2
 

0 141.3798 702.5589 

0 t 0 NaN NaN 
1 1 0 1 0 

 
Let, f(t) = sinωt  ; α = 0.5 ; c = 0 ; ω = 1  and f(t) = sint ; fଵ(t) = cost 
Solution using proposed non-singular kernel method is, 

D଴.ହ f(t) =
ଵ

 ଵ.଻଻ଶସହଷ଼ହ଴ଽ଴ହହଵ଺
∫ (τ)ି଴.ହ୲

଴
cos(t − τ) dτ  

D଴.ହ f(t) =
ଵ

 ଵ.଻଻ଶସହଷ଼ହ଴ଽ଴ହହଵ଺
∫ (τ)ି଴.ହ୲

଴
[cos(t) cos(τ) + sin(t) sin(τ)] dτ  

D଴.ହ f(t) = 0.5641895835477563 √2 √π ൥ቆsin(t) ൭ቆS ቀ
√ଶ√୲

√஠
ቁቇ − ൫S(0)൯ ൱ ቇ +

ቆcos(t) ൭ቆC ቀ
√ଶ√୲

√஠
ቁቇ − ൫C(0)൯ ൱ ቇ ൩ + c                                                                                          

(39) 

Where, The Fresnel Integral, S(v) = ∫ sin ቀ
஠ ୴మ

ଶ
ቁ  dv   ;    C(v) = ∫ cos ቀ

஠ ୴మ

ଶ
ቁ  dv 
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Figure 3:- Plot of proposed method and input function at alpha=0.5 

f(t) = sinωt  ; α = −0.5 ; c = 0 ; ω = 1 ;  f(t) = sint ; f ଵ(t) = cost 

Dି଴.ହ f(t) =
ଵ

  ଴.଼଼଺ଶଶ଺ଽଶହସହଶ଻ହ଼
∫ (τ)଴.ହ୲

଴
cos(t − τ) dτ  

Dି଴.ହ f(t) =
ଵ

  ଴.଼଼଺ଶଶ଺ଽଶହସହଶ଻ହ଼
∫ (τ)଴.ହ୲

଴
[cos(t) cos(τ) + sin(t) sin(τ)] dτ   

Dି଴.ହ f(t) = 1.128379167095512 √t  ቀ (cos(t) sin (t)) −  ൫sin(t) (cos(t) − 1)൯ቁ −

 

ଵ.ଵଶ଼ଷ଻ଽଵ଺଻଴ଽହହଵଶ √஠ ൥ቆୡ୭ୱ(୲) ൭ቆୗ൬
√మ√౪

√ಘ
൰ቇି൫ୗ(଴)൯ ൱ ቇାቆୱ୧୬(୲) ൭ቆେ൬

√మ√౪

√ಘ
൰ቇି൫େ(଴)൯ ൱ ቇ ൩

√ଶ
                              (40) 

 
Figure 4:-Plot of proposed method and input function at alpha=-0.5 

Solution of figure 3 and figure 4 is plotting using the numerical method given in equation 
(5). Output stabilization of proposed method is quick and responsive and hence suitable 
for the faster and dynamic systems.  

3. General Solution of Fractional Differential Equation (FDE)  

D଴ ୲୭ ୲
஑  f(t) + a f(t) = b u(t)  and L[D∝f(t)} =

ୱ୊(ୱ)ି୤(଴)

(ୱ)భషಉ                                                                

(41) 
ୱ୊(ୱ)ି୤(଴)

(ୱ)భషಉ + a F(s) =
b

s
  

F(s)    =  
b

ୱ ((ୱ)ಉ+a )
+

f(0)

(ୱ)భషಉ((ୱ)ಉ+a )
                                                                                          (42) 

f(t)    =  b ቈ
1

a
− 

tα−1 Eα,α(−a tα)

a
1
α

቉ + f(0) Eα,1 (−a tα)                                                                 (43)       

where, E஑,ஒ(𝑧) is Mettag-Leffler function. 

Let, α = 1 ; f(t)    =  
b

a
 ൣ1 − e(−at ) ൧ + f(0) e(−at ). Satisfies the initial conditions of the 

system. Simulation of f(t) (equation 46) using the values b = 10 ; f(0) = 1; a = 1 ; t ∈
[0,100] Observing the chaos at α = 1.5 and the continuous ringing at α = 2. However, it 
matches with the classical output at α = 1. 
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Figure 5: - Simulation of FDE at alpha=0.1                                Figure 6: - Simulation of FDE at alpha=0.4 

 
Figure 7: - Simulation of FDE at alpha=0.5                                   Figure 8: - Simulation of FDE at alpha=1 
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Figure 9: - Simulation of FDE at alpha=1.5                               Figure 10: - Simulation of FDE at alpha=2 

4. Application to Fractional Order Controller   
FOPID Controller structure is given in equation (44), 
𝑦௖(𝑡) =  𝐾௉ 𝑒(𝑡) +  𝐾௜ 𝐷

ିఒ 𝑒(𝑡) +  𝐾ௗ 𝐷 ఓ 𝑒(𝑡)                                                                  (44) 
Property 1 is new method proposed and to calculate these fractional order derivative and 
integration the fractional numerical approximation equations are implemented in the 
MATLAB. Traditional PID controller is realized using the method mentioned in [6]. 
Consider a general fractional differential equation as, 
u(t)b =  K୔ e(t) +  K୧ D

ି஛ e(t) +  Kୢ D ஜ e(t)                                                                   (45) 
Laplace transform of general fractional order differential equation is, 

E(s)  =   
s 

ൣ୏ౌ+୏౟(s)షಓ+୏ౚ(s)ಔ൧ 
b + e(0) ൤ 

 [୏౟]

 ൣ୏ౌ (s)ಓశభ+୏౟+୏ౚ(s)ಔశಓ൧
  +

 [୏ౚ]

 ൣ୏ౌ (s)భషಔ+୏౟(s)−ಓషಔ+୏ౚ൧
൨   

(46) 
b  and e(0) is the transfer function parameters usually constant in nature. Controller algorithm is 
to minimize the error E(s).  

Dି஛ e(t) ≈  ∑ ቄ ቂ
௛ಓ

୻(ଶା஛)
ቃ ቂ ቀ(𝑒௡) 𝐺௡,௡

ି஛ −  𝑦(𝑒଴) 𝐺௡,ଵ
ି஛  ቁ  + ൫∑ (𝑒௞) 𝑀௡,௞

ି஛௡ିଵ
௞ୀଵ ൯ቃ ቅே

௡ୀ଴                 

(47) 
The fractional derivative is implemented as, 

 D ஜ e(t) ≈  ∑ ቄ ቂ
ଵ

௛ಔ୻(ଶିஜ)
ቃ ቂ ቀ(𝑒௡) 𝐺௡,௡

ஜ
−  (𝑒଴) 𝐺௡,ଵ

ஜ
  ቁ  + ൫∑ (𝑒௞) 𝑀௡,௞

ஜ௡ିଵ
௞ୀଵ ൯ቃ ቅே

௡ୀ଴               

(48) 
The Caputo-Fabrizio kernel fractional method is used to evaluate the fractional integration 
as, 

Dି஛ e(t) ≈ ቂ
M(ି஛)

(ି஛)h
ቃ  ∑ ൛ൣ(en)MGn,n

ି஛,h − (e0)MGn,1
ି஛,h൧ + ൣ∑ (ek) MGGn,k

ି஛,h
 n−1

k=1 ൧ൟN
n=0                       (49) 
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On similar manner fractional derivative of Caputo-Fabrizio Non-Singular exponential type 
kernel as, 

D ஜ e(t) ≈ ቂ
M(ஜ)

ஜh
ቃ  ∑ ൛ൣ(en)MGn,n

ஜ,h
− (e0)MGn,1

ஜ,h
൧ + ൣ∑ (ek) MGGn,k

ஜ,h
 n−1

k=1 ൧ൟN
n=0                                (50) 

 
Conclusion 
Numerical method shows that the non-singular Caputo-Fabrizio method does not matches with 
the exact solution but the singular and proposed method matches with exact theoretical 
solution. Non-Singular Caputo-Fabrizio definition does not matches with the classical 
definition of derivative and integration shows the maximum mean square error. Singular point 
analysis has been showed that the fractional derivative and integration is dependent on the 
initial values of system and consistent with the initial values for f^n (0) nth order derivatives. 
Laplace analysis of the singular and non-singular type kernel showed that the non-singular 
kernel is a linear function in the “Laplace-domain” and thus useful in the application of control 
system.  
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