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Abstract: - Caputo definition of fractional derivative comes in two different kernels. The
singular kernel and other is non-singular kernel for fractional derivative and fractional
integration. Numerical approximation of these definitions are proposed and comparing the
results with the exact solution. Semi-group property has been proved using the MATLAB
simulation. A new approach of finding fractional derivative using the initial values proposed
in terms of power series. Behavior and properties of the singular type kernel at non-singular
points is investigated for the handling of singular points. General solution of fractional
differential equation is discussed to illustrate the exact solution for the application of control
system.

Keywords: - Singular and non-singular kernel, fractional derivative, singularity points,
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Introduction

Global approach of solving the system problem is motivated to use the fractional order
methods. This method attracted the researchers to solve the open research problem in system
modeling, simulation and control. Most real time data and initial values of systems satisfy and
match with the solution of singular Caputo [1]. The Caputo Definition given as,

_ 1 tf'(v)dr
DEFO) = e J. T (1)

Dynamical systems provide unique solution with bounded parameters and non-zero initial
conditions. Non-zero condition is uncommon and method has to be developed to match the
physical initial conditions with the fractional definition. Non-singular Caputo fractional
derivative equation is as given [2],

DEf() = 2D e = () dr @)
Replacing with exponential kernel at singular point the exponential component become unity
(at t=1). Non-singular kernel does not satisfy initial value conditions except =1 and singular
kernel is must to satisfy initial value conditions [3]. Some important remarks are,

Fractional derivative and integration at singular point does not exists.
If singular kernel replaced with non-singular kernel, then the initial value condition
does not match as per the real physical initial values [4].
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To meet real physical initial values, the kernel should be singular Non-singular
fractional derivative (equation-5) is a weighted similarity with other definition given in
equation (1).

Laplace domain transform is the Laplace transform of J t"a f(t) (equation-6) which is
convolution in Laplace domain (equation-7). Solving the convolution in Laplace domain is not
desirable for control system due to the little influence on the performance of real time control
loop. Complex area selection become too much complicated for control loop instead of
avoiding the singular point which is more practicable then to increase real time computation

burden.

[_M
M(a)el 1

JE@) = s L@@ dr 3)
L[ JEF®O] = [5Q(s —u) P(w)du )
Where, L[Q(a,t)] = Q(s) ; L [fate[—s(r)]f(f) dr] = P(s)

_at)
0@ 0) = —M(‘?f_[a;_“ 5=

Preliminaries

Singular kernel is must and essential to meet the initial values condition and singular points
should avoid in the computation of control loop problems. The singular point arises at t=t in
continuous form. Fractional numerical approximation of Caputo definition proposed in [3]
given in equation (5). The singular point arises at each of n=k which avoided using
mathematical technique during approximation of Caputo derivative.

y () ~ Zheo{ || [ () Giin = y(x0) G52 ) + (TR yGa) M )]

)
Where, Mroll’k = G;Zk - G7‘lx,k+1 5 G,oll'k = (TL -k + 1)1—0{ - (TL - k)l_a

Theorem 1: - The generalize fractional derivative can be defined in-terms of power series as,

tm—a—l (_1)11. _ _
DY) = tmze [ n=0 rary Zk=o(— D {[en T O] -

[en* =]} TTalim —a = 1) = (= D] | ©6)

Where, ‘c’ is initial value and f(c) is the initial function value. m—1<a <m,mis

positive integer. ['(.) = Euler’s Gamma Function. T'(n) = | 000 e 't" ! dt

Proof: - Consider, Fractional Caputo definition in generalized form as,

D¥f(t) = —— [ (t = D)™ f™(1) de (7)

' (m-a)
x

m—-a—1
Let, g(x) = (t —x)™ 471 = gm-a-1 (1 — ;) ; using binomial expansion theorem.

gl =tm et [ n=o(—D" G ima[(m—a—1) = (i - 1)] (8)

n!

Using value of (8) putting in (7),
DYf() = o ff{t’"—“-l [zﬁ:o(—nn

'(m—-a)

@'

n!

imal(m—a—-1) - (-

D] ]}f’"(f) dt

479



Semiconductor Optoelectronics, Vol. 42 No. 02 (2023)
https://bdtgd.cn/

DEf(0) = al) SN0 s F(n+1) T fm@ dr Mkl —a = 1) = (= D]
)
Let, F(t) = fct " f™(7) dt and finding the general solution,

— fct R fm(.[) dr = ;{l=0(_1)k {[tn—k fm—(1+k) (t)] _ [Cn—k fm—(1+k)(c)]}
(10)

If m = 0 and n = s — 1 ,which convert (10) into Mellin transform with limit 0 to oo
Using value of (10) putting in (9),

DEF() = fs [ENeo s Thoo(—DF {[en (o)) -
[cnk =GO} TTl(m—a = 1) = (@ = ] |

Hence, Proved.

Theorem 2: - At singular point (¢t = t), the first order (m=1) fractional derivative is given
as,

D¥f(t) = r(1 [f (t) — f(c)] ; “c’ is initial value and f(c) is the initial function value;

g9=fpa) suchthat; <g<e;

Proof:-Put m=1 in equation (10), D*f(t) = r(1 f (t—1)"*fl(r)dr

an

At singularity —7 = 0 ; Convolution is independent of first or second function time-folding.
Let us replace the singular kernel with non-singular kernel as t% = e*and solving
approximate upto 3 terms,

@ = pl-1+V2t%-1 (12)
ForO0<a <1 at t =0 (atsingular point only)

_ 1 1 _ 1 _ 11
9= @™ olm1+V2te-1] el mT] T el T g ge
For—1<a <0 at t =0 (at singular point only)

g=t¢= el-1+V2t -1] — [-1+V-1] = pl-1+i] = 1/e

g =[e 1 el] henceé < g <e and g= e”

=e

Rewriting equation (11) by using the identity derived for singular point,
oc 1 ot g
DEF() = rs Jr 9 F1 () dt

(13)
After integrating equation (13), D¥f(t) =

m o [f(t) — f(c)] ; and hence proved.

Theorem 3: - if f = e? then the value of ‘p’ is py4+1 = loge [r . o D ] which is recursive

function. And p is bounded suchas —1 <p <landa #p
Proof: - Consider Threecasesat=0,a =1land a = —1
Ata=0;D°f(t)=f(t);T(1) =1

Ata=1;D'f(t) = f'(t) ; T(0) = o
Ata=-1;D71f(t) = [f(O)dt;T(2) =1

Substituting the identity in equation (13),

S N
Ata=0; p=log. [[f(t)—f(C)]]
(14)
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—1: p= S
Ata=1; p = loge [[f(t)—f(C)]]
(15)

4. [ f(®at
Ata=-1:p =loge [[f(t)—f(C)]]
(16)

Using the general fractional operator,
_ D¥f(®)

p = loge [755]

17)

Using Theorem 2 substituting value of D*f(t) for singular point,
p = loge |5

(18)

Value of p obtained as, py4+1 = log, [r 1 ] ; hence proved.

Corollary 1: - A normalized function N(a) = 1 — is exist for singular points.

1

r1-o)

Such that (¢) = f(t) ; From equation (17), Figure 1 shows the normalized function N ()
_ ePf()-D*f(¢)

f(e) = LLO2TO

e? F(t)-(=— [F(O)—F (O]
(1-a)
Foy = O D )

_f©) _f@®
f(c) F(l (X) f( ) F(l (X)
1
fe) [1 CTa- a)] =f(® [1 - 1"(1—0()]
N@=1-75—  and f(c)=f(®)
Corollary 2: - At singular pomt the fractional derivative is D*f(t) = M'(a) [f(t) —
f(©)]. Where, M'(a) = F(1
Theorem 4: - Non-Singular kernel Caputo-Fabrizio definition.
DY) ~ [Fa] ZN-of [y(xa)MGiT = y(xoIMGET] + [Z421 y(xi0) MGG [}
(19)
oh oh oh oh [ﬂ (k—n)]
MGG k - MGIlk - MG k+1 and MG :k = € (1-a) (1 0()

Proof :- From equation (2) and x, = nh;y, = y,(Xp) = yn(nh) ; x, = kh; yp = yp (x) =
¥k (kh) ; a=0

; Figure 2 shows plot of M'(«) function.

(k—1- n)]

1 o(Xp—X) ,
(M(O‘j)) Df(x,) ~ [y e Fo] £ dx
a(nh-x)
(- o) X
9 peg,) ~ ey 1% el 070 | /(0 dx

Expansion of function f’(xy) approximated using Taylors method as,
f’(X ) ~ Y &)=y (Xk-1)
= h

(A-0) o Y (X)) —y Xk-1)
M (a) D*f(xn) ~ T 1[ h ]ka 1

oh
Dexn) ~ 2] B ly 0 - v [ele €] elami <ron]
oh
Let, MGﬁ:LI = e[ﬁ tem] _ [<1  (tom) and after simplification,
(20)
DU(xy) ~ [For] {[yCxa)MGiR — y(xoIMGEA ] + [Z5 y(xid) (MG} — MG, ) ]}
Let, MGGy = MGYp — MGYp,

[—a(nh—x)]
el a-o 1 dx ; after evaluation
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21)
M -
D) &[] ZN=of[y(a)MGiR — y(x)MGEH] + [ER21 y (i) MGGy [}
oh
Corollary 3:- MGYh = MGYp = 0; MGin = MGf =1 — el MGrh = MGyp = 1

o
MGgi = e[<1—00] — 1 atk—n = 1; Series is convergent when,
f|y(x) MGGg"H dx < o and f|y(x)MG§:ﬂ - y(xO)MGﬁjﬂ < ®
The small perturbation ¢ is the relative error between two type of Caputo kernel given as,

Yo “h“r(lz—a)] Mﬂ)( e[%]) ]+Y(X°){MG3'? )-8l

&=
[m][ (yGn) = y(x0) G ) |

(22)

—ah
Where, MGYP = 1 — olicw
(23)
Definition 1: - [5] Jorge and Juan corrected the fractional definition forthe 0 < a < 1 as,

a _ —
DEF(E) = = [ el ()
(24)
\
Figure 1 N-function Figure 2 M’-Function

Proposed Non-Singular Kernel

Non-Singular kernel fractional order derivative is proposed using the convolution integral
transform [1].

Definition 2 The Non-Singular Type kernel fractional derivative is given as,

D¥f(t) = r(p f (x)P7* 1 fP(t —x) dx (25)
p—1l<a< p ; p is positive integer; fP = p" order derivative of f; fP(0) # o
Preposition: - At singular point t = x and p=1

Df(t) = ¢ (11_00 fctx_“ f1(0) dx ; and according to definition 2, f1(0) # oo , Thus the singularity
avoided.
Property 1: - Using the convolution property the definition 2 holds the following identity,
1 tf'(n)dr 1 tf'(t-1) dt
DEf() = J. = J. (26)

ri-a)“’c (t-0)¢ TIl-a)’c (D¢
Property 2: - Let, f1(0) = 1 at singular point using preposition. Then the fractional derivative at
singular point is,

« _ a « =
D*f(t) = r(1 f(x) dx ; D*f(t) = "o
But, D*(t) = IEE)Z—(X) ; Hence the fractional derivative can be defined in terms of initial values.
Property 3: - Proposed Non-Singular kernel is I‘((Xl)—_a) ;

N GO ™™ 1 T T 1 (0% _ Jmx
imra—e = W00 mras = 5 M ram =% M6 T T WM sTame

x is linear operator deﬁned as,
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a->0,x=1 ; a—>1,§=At;a—>—1,x=fg(dt
Thus, hold the following identity,
T, WP _ 1 1wy o5
T gllf%_s ra-g  z o &% dx
The probability density function is proposed as,

p(x) = ;_Efox et t5/2 dt 27)
Property 4: - Laplace Transform of proposed Non-singular kernel fractional definition.
sF(s)—f(0) . o ® sF(s)—f(0) 1
[D“f(t)} - )1 o Q)( ) - )1 o ¢(t) - F(I—O() ,g(S) - (5)1 o ¢( ) - (5)1—3 (28)
s2F(s)—sf(0)— g(O) _ s%F(s)—sf(0)—g(0)
L[DP[D*f(t)] = — e ; LID™*Bf()] = o (29)
DLt M () = 1 ft(T)(M—l)—(oc1+o<2+~-~+cxM) FM-D (¢ — 1) dr

I((M—1)—(Xq+0c+-++oy)) 70
(30)
DXL+ M () = DX1D%2 . DXM f(t)
0 <oy, Xy, o, X< 1
Figure 3 shows the plot of semigroup property calculated using equation (5). The Mean
Square Error (MSE) is 5.9548e-06.

Property 5: - Laplace Transform of Caputo-Fabrizio Non-Singular kernel fractional definition
(Equation - 5),

M

LIDEF(D)] = ra (sF(s) = F(0) (31)

Fractional Order Integration of non-singular kernel is,

a M(a) ot [_Ml

ff=—/Je () dj (32)

Laplace Transform of Fractional Order Integration of non-singular kernel is,

a M(a) F(s)

LUf®O] = (m) (33)

Let, M(a) =1 then

LIDEF®] = ez (SF() = F(0) (34)
F

LUEFO) = s (35)

Figure 3:- Plot for showing semigroup property
Theorem 4: - The Fractional Derivative using initial values given as,

o 1 o fA0)ntP* o (-1k K
D0 = r(1—a)2“=0 (n+1) [Zk=0 T(k+1) (k+n) i=1(ma= (i =1)) ]
(36)

a # R; Where R is real positive integer number. ; f™ = n™ order derivative of f; f*(0) # oo
. _ DX — t _\—arl
Proof: - D*f(t) = e fo -1 *fl(1) dt

Using Taylor series expansion,
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) = Yot
(0 = T2 of o
DXf(t) = m o ofr((ﬂ; [it—0 1 do
-
D¥f(t) = r(1—a)2“=0 fr((:iil) fot (1 - %) ™ dr
D(0) = i B0 SO [ el (e (- 1) |

o 1 o fH0)ntP~® 0 -1k K .
p f(t)_m—a)zfl:o I(n+1) [Zk=0 T(k+1) (k+n) i=1(ma = (=1) ]

Comparison with exact Solution

Let, f(t) = t*; f'(t) = 1 and all other higher derivatives are equal to zero.
Solution of f(t) using the present non-singular kernel (definition 2) is given as,

1 o
5 () = o (37)
The Caputo-Fabrizio Non-Singular kernel gives the following exact solution,
5 () = M9 1 —o[wa (38)
Proposed non s1ngular kernel provides the useful solution exact matches with the classical
definition of derivative and integration for a = 1 and a = —1 respectively. However, the

Caputo-Fabrizio Non-singular kernel shows the mean square error (MSE) of 141.3798 and Jorge
and Juan suggestion shows MSE of 702.5589 for classical type of integration (see table 1).

Table 1:- Numerical comparison with exact solution

MSE calculated using exact solution
x | f(t)=t Non-Singular Kernel Caputo-Fabrizio Non- Jorge and Juan
(Proposed Method) Singular Kernel Suggestion
-1 t? 0 141.3798 702.5589
2
0 t 0 NaN NaN
1 1 0 1 0

Let, f(t) = sinwt ;a=0.5;c=0;w =1 and f(t) = sint; f1(t) = cost
Solution using proposed non-singular kernel method is,

1 t
DO (1) = o esssosnmsta do (O cos(t— 1) dt
1 t, . .
DOS f(t) = ——esssasosaic Jo (O 0-5 [cos(t) cos(t) + sin(t) sin(1)] dt

DOS f(t) = 0.5641895835477563 v2 vt [(sin(t) ((s (%‘f)) — (5(0)) ) ) +

(0 ((€(%)-co0))

(39)
Where, The Fresnel Integral, S(v) = [ sin (T[TVZ) dv ; C(v) = [cos (T[Tvz) dv
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Plot of Proposed Diffintegration Vs input function at alpha = 0.5
1.5
1

Proposed Diffintegration

[}
)

Apitct
[}

o
o

-1.s
20 a0 60 B0 700 720
Time

Figure 3:- Plot of proposed method and input function at alpha=0.5
f(t) = sinwt ;a=-05;c=0;w=1; f(t) = sint; f1(t) = cost
D% () = 0.886226;25452758 fot(T)o'5 cos(t— 1) dr
D=5 f(t) = S Sc73c99515375s fot(T)o'5 [cos(t) cos(T) + sin(t) sin(t)] dt
D05 £(t) = 1.128379167095512 ((cos(t) sin (t) — (sin(t) (cos(t) — 1))) -
1.128379167095512 T [(cos(t) ((S(%))—(S(o)) ) )+<sin(t) ((c(%))—(c(o)) ) )]

NFS

(40)

Plot of Proposed Diffintegration Vs input function at alpha = -0.5
1.5 1

Proposed Diffintegration
Input function

o,

[l

o)
T

o5}

ol

Time

Figure 4:-Plot of proposed method and input function at alpha=-0.5

Solution of figure 3 and figure 4 is plotting using the numerical method given in equation
(5). Output stabilization of proposed method is quick and responsive and hence suitable
for the faster and dynamic systems.

General Solution of Fractional Differential Equation (FDE)

S0t f(8) +af(t) = bu(t) and LD} = T
(41)
SF((:))l__fo((O) +a F(S) — E
_ b £(0)
FO) = fmma T ora@era (42)
a—1 BPAN )
() =b [1— M} +£(0) Eq 1 (—at®) (43)
aa

where, Eq g(2z) is Mettag-Leffler function.
Let, x =1 ; f(t) = 2 [1— e ] +£(0) eV, Satisfies the initial conditions of the
system. Simulation of f(t) (equation 46) using the values b =10 ; f(0) =1;a=1;t €
[0,100] Observing the chaos at a = 1.5 and the continuous ringing at a = 2. However, it
matches with the classical output at o« = 1.
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Simulation of Fractional Differential Equation at alpha = 0.4
1"
10.
10.
104
10.2
3
3
2
g
<
9.8
9.
9.4
9.
.
-
\ I
-
0 10 20 30 40 50 60 70 80 90 100
Time
Figure 5: - Simulation of FDE at alpha=0.1
Simulation of Fractional Differential Equation at alpha = 0.5
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Simulation of Fractional Differential Equation at alpha = 1
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Figure 7: - Simulation of FDE at alpha=0.5
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Figure 6: - Simulation of FDE at alpha=0.4

Figure 8: - Simulation of FDE at alpha=1



NUMERICAL APPROXIMATION OF SINGULAR, NON-SINGULAR CAPUTO DEFINITION AND COMPARING WITH
EXACT SOLUTION

Simulation of Fractional Differential Equation at alpha = 1.5

Amplitude
S

Simulation of Fractional Differential Equation at alpha = 2

e W o WWal Ve BT aN e e Wa b s S 2 v

Amplitude

o 10 20 30 40 50 60 70 80 90 100
Time

Figure 9: - Simulation of FDE at alpha=1.5 Figure 10: - Simulation of FDE at alpha=2

4. Application to Fractional Order Controller
FOPID Controller structure is given in equation (44),
y:(t) = Kpe(t) + K; D% e(t) + K; D* e(t) (44)
Property 1 is new method proposed and to calculate these fractional order derivative and
integration the fractional numerical approximation equations are implemented in the
MATLAB. Traditional PID controller is realized using the method mentioned in [6].
Consider a general fractional differential equation as,

u(t)b = Kpe(t) + K;De(t) + KgD*e(t) (45)
Laplace transform of general fractional order differential equation is,

_ s [Ki] [Kd]
E(s) = [Kr GGk ° T e(0) [ [Ke P+ AKaOPA] T [Kp (74K (9 A rKy]

(46)
b and e(0) is the transfer function parameters usually constant in nature. Controller algorithm is
to minimize the error E(s).

D e(®) = T¥-o{ [rs] | (Cen) G — yCe0) G2 ) + (Siziter) M:2)] }
(47)

The fractional derivative is implemented as,
1

D*e(®) ~ Thoo{ [mrgms] | ((en) Gl — (e0) Gy ) + (Tizhe) ME,)] )

(48)

The Caputo-Fabrizio kernel fractional method is used to evaluate the fractional integration
as,

D e(t) ~ [

2] Bof[CedMGEY" — (ep)MG 1" + [Zii(e) MGG, " 1} (49)
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On similar manner fractional derivative of Caputo-Fabrizio Non-Singular exponential type

kernel as,
D*e(t) ~ [M2] B_of[(e)MGhR — (eIMGLT] + [Zii(e) MGGhT |} (50)
Conclusion

Numerical method shows that the non-singular Caputo-Fabrizio method does not matches with
the exact solution but the singular and proposed method matches with exact theoretical
solution. Non-Singular Caputo-Fabrizio definition does not matches with the classical
definition of derivative and integration shows the maximum mean square error. Singular point
analysis has been showed that the fractional derivative and integration is dependent on the
initial values of system and consistent with the initial values for f*n (0) nth order derivatives.
Laplace analysis of the singular and non-singular type kernel showed that the non-singular
kernel is a linear function in the “Laplace-domain” and thus useful in the application of control
system.
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